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Abstract

Randomisingset index functions, randomisationfunc-
tions for short, can significantlyreduceconflict missesin
datacadesby placingcacheblodksin a conflict-freeman-
ner XOR-basedunctionsare a broad classof functions
that geneally exhibit few conflict misses. Tophamand
GonZlezclaimedthat the sub-classof functionsbasedon
division of polynomialsover GF'(2) containsthosefunc-
tions that achieve the bestconflict-freemapping Further-
more, they claim that an even smaller classof functions,
namelythosebasedon irreducible polynomials, perform
betterstill. This paperinvestigategheseclaimsin a novel
way, by evaluatingmanyrandomisatiorfunctionsfromthe
differentclassesTheminimummaximunmandaverage miss
ratesare usedto compae the differentclassesf randomi-
sationfunctions. To avoid computingmissratesfor all of
thesefunctions,we estimatethe missratesusing a semi-
analyticaltecdhnique Theevaluationshowghat polynomial
randomisationfunctionsare not the bestpossiblechoice
althoughthey performrelativelywell. Irreduciblepolyno-
mials offer no measuable benefitsover reduciblepolyno-
mials, while they maybe a lot more comple to implement.

1 Intr oduction

Randomisingsetindex functionscanremove a signifi-
cantamountof conflict missesin datacacheq11, 15] by
spreadinghe cacheblocksuniformly over all sets.Instead
of selectinga slice of bits from the block addresgo index
acachearandomisingsetindex functioncomputesa more
comple function of the addresse.g.: usingexclusive or's
(XOR).Wewill usetheshortetermrandomisatiorfunction
whenwe meanrandomisingsetindex function.

Althoughsomework hasshavn the benefitsof randomi-
sation functions, architectsare left with the implausible
taskof selectingjust onerandomisatiorfunctionto imple-
mentin a processarFewn papersprovide help on this task.

In [6, 7, 14, 15], the classof functionsbasedon division
of polynomialsover GF'(2), originally proposedor inter-
leaved memoriedn vectorprocessor§l0], is promotedfor
use as set index functionsfor data caches. The perfor
manceof thesefunctionsin the presenceof stride-based
accesspatternscan be shovn to be predictable. Except
for a few functionsin [7], no comparisondetweenthese
functions,called polynomialrandomisatiorfunctions and
other XOR-based-andomisatiorfunctionsare made. Fur-
thermoreijt is claimedthatpolynomialsthatareirreducible,
which meansthatthey cannotbe written asthe productof
other polynomials,will lead to even lessconflict misses,
althoughno experimentalevidenceis presentedo support
thisclaim([6, 7, 14,15].
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Figure 1. Different classes of randomisation
functions.

The spaceof randomisationfunctions, togetherwith
somesub-classesf functionsareshovnin Figurel. Func-
tions outside the class of XOR-basedfunctions include
thoseusingmultiplicationanddivision of integers[13, 11].
Becausedifferent XOR-basedfunctions can induce the
samenumberof missesin all circumstancegseebelow),
the classof “unique XOR-basedunctions”retainonly one
of thosefunctions. We limit our evaluationeffort to these
functions. Specificsub-classearethe polynomialandir-
reduciblepolynomialfunctions.This paperinvestigateshe
following questions{i) do polynomialrandomisatioriunc-
tions perform betterthan the generalclassof XOR-based



functionsand(ii) do irreduciblepolynomialrandomisation
functionsperformbetterthanfunctionsbasedon reducible
polynomials?Thesequestionswill beansweredothin the

generalcase(for ary functions)andin the particularcase
(for aspecificfunction).

Performingexhaustve evaluationof the whole spaceof
XOR-basedrandomisationfunctions would be too time-
consuming.Therefore we usea novel techniqueto explore
the designspace.We randomlygeneratea hugenumberof
randomisatiorfunctionsandestimatethe missrate of each
functionusinga semi-analyticatechniqug16]. Becausef
the statisticalnatureof this, we cancover a wide rangeof
randomisatioriunctionsincludingfunctionswith both high
andlow missrates.This statisticalexplorationgivesusmin-
imum, maximumand averagemissratesfor eachclassof
randomisatiorfunctions. Thesenumbersallow usto com-
paretherelative performancef the differentclasses.

Theremainderof this paperis organisedasfollows. We
discusgelatedwork first. In section3 we review thediffer-
enttypesof randomisatioriunctionsstudiedandshov some
of their mathematicapropertieshatwe usein our evalua-
tion. Thesemi-analyticatechniqueo estimatemissratesis
reviewedin sectiond4. The evaluationresultsare presented
in section5 andsection6 concludes.

2 RelatedWork

In vector processoramary conflicts can occur when
accessinga multi-bank memory XOR-basedinterleas-
ing functions were shavn to reducethe numberof con-
flicts and reducethe accesstime of interleared memo-
ries [5, 8, 10]. The polynomial mappingfunctions that
were identified by Rau [10] for interleaved memories,
were adoptedby Tophamet al. to reduceconflictsin data
cached6, 7, 14, 15]. They shavedthatrandomisatiorsig-
nificantly reducesconflicts in small caches,ncluding di-
rectmappedset-associate, skewed-associatie andhash-
rehashcacheg7]. Furthermorethey shavedthatthedelay
of the XOR-gatescan be effectively hiddenwith address
prediction[15].

Earlierwork assumedunctionsinvolving multiplication
of integers. Schlanskr et al. [11] shovedthatrandomised
setindex functionsreducemissratesfor cyclic sweeppat-
ternsthataresentdirectly to a 32-way set-associate level-
2 cache.In atheoreticaktudy Smithconcludedhatthe set
index function hasa high potentialfor reducingthe miss
rate[12], althoughthemultiplicationfunctiontestedn [13]
did not performsignificantlybetterthanbit selectionmap-
ping.

Betteralgorithmsanddatastructuresanalsohelpto re-
duceconflictmissesLametal. [9] analysedlockingalgo-
rithmsandshavedthatthe size of blocksandthe datalay-
outhave ahighimpacton conflict missesCachemissedor

pointerbaseddatastructurescanbe removedby clustering
andcolouringof individual structureq4] andby structure
splitting andfield reorderind3]. Theseoptimisationdarget
both conflictandcapacitymisses.In [2], the compileruses
profiling informationto improve dataplacementandavoid

conflictmisses.

Clearly, randomisationand clever software techniques
have different benefitsand limitations. Randomisation
works relatively well for all programsand requiresno in-
tervention of the programmer On the otherhand,a non-
randomisedcachemay exhibit close-to-optimalmissrates
whenrunningcarefullydesignedlgorithmsthatarebacled
up by an aggressie compiler But this approachrequires
thecommitmenibf the programmeto definethe datastruc-
turescorrectlyand selectthe appropriatealgorithms. This
may put too muchresponsibilityon the programmer Fur-
thermorewe believethatit is possibleto combinerandomi-
sationandsoftwaretechniques.Whena compilerlays out
codefor a conventionallyindexed cache,it takesinto ac-
countthe numberof setsandthe setindex function. It is
possibleto amendthesealgorithmsto take into accounta
randomisingsetindex function.

The semi-analyticaltechniquefor estimatingthe miss
rateof randomisatioriunctionswasproposedndevaluated
in [16]. Thispaperapplieshetechniqueo investigatgrop-
ertiesof randomisatiorfunctions.

3 Modelsof SetIndex Functions

XOR-basedset index functions can be modelled by
meansof (i) a matrix representatiorii) division of poly-
nomialsor (iii) usingnull spaces.Eachof thesemodelsis
reviewedandtheir relationsarediscussed.

3.1 The Matrix Representation

The matrix representatiorcan be usedto representry
randomisatiorfunction that canbe computedusing solely
XOR-gateperatingontheaddresits. In thisrepresenta-
tion, ann-bit block addresa is representedy a bit vectort
Qp—1Qn_2 - - - Gg, With a,,_, themostsignificantbit andag
the leastsignificantbit. A randomisingsetindex function
mappingn to m bits is representeds a binary matrix H
with n rows andm columns:

hn—1m—1 hn—i,m—2 hn_1,0
hn—om—1 hn_om—2 hn_2,0
H = :
h1,m—1 PMim—2 - hip
ho,m—1 hojm—2 - hop

lvectorsarewrittenin boldfacetype.



Thebit h, . onrow r andcolumnc is 1 whenaddressit
a, is aninputto the XOR-gatecomputingthec-th setindex
bit. Consequentlythecomputatiorof thesetindex s canbe
expressedasthe vectormatrix multiplication over GF(2),
thedomain{0, 1} whereadditionis computedasXOR and
multiplicationis computedaslogical and, denotecby s =
aH.

3.2 Polynomial Division

Polynomial setindex functions are expressedas divi-
sionof polynomialsover GF'(2). In apolynomial A(x) =
an_12" 1+ + a1z + ap overGF(2), thecoeficients
a;,0 < i < n takethevaluesO or 1. Addition, subtraction,
multiplication and division are similar to thoseoperations
for cornventionalpolynomials,exceptthatall operationson
coeficientsareperformedover GF(2).

An addresa = a,,—1 - - - a1ag correspondso the poly-
nomialA(z) = an_12™" ' +---+a;z1 +ao of ordern (i.e.:
all coeficientsa; with i > n are0). Let P(z) bea poly-
nomialof orderm, thenA(z) canbeuniquelydecomposed
into the polynomialsV (z) andR(z) as

A(z) = V(z) * P(z) + R(x)

wheretheorderof R(z) is lessthanm. Thebit-vectorcor
respondingo R(z) is usedasthe setindex for addressa
whenthe polynomialsetindex functiondefinedby P(x) is
used.

The division of polynomialsover GF(2) canbe com-
putedvery efficiently. In fact, every polynomialsetindex
function hasa correspondingnatrix H over GF(2). The
ith row H; , of this matrix correspondso the polynomial
R;(z) = (2 mod P(z)) [10]. Theserowscanbegenerated
usingafeedbaclshift registerasfollows. First, Ro(z) = 1.
Then,eachR;; 1 (z) is computedasR;(x) * z + P(z) if the
coeficientof z™~! in R;(z) is 1 andasR;(z) * z if that
coeficientis 0. Notethatthis methodguaranteethateach
R;(z) is atmostof orderm.

A speciakub-clas®f polynomialsetindex functionsare
the functionsdefinedby irreducible polynomials An ir-
reduciblepolynomial (I-poly) is a polynomialover GF'(2)
thatis not divisible by any otherpolynomialover GF'(2).
In termsof the matrix representatiorthis impliesthatrows
0 to 2™ — 1 inclusive are all different(i.e.: the feedback
shift register generatesa sequenceof m-bit rows with a
maximum period of 2™ — 1). This property is benefi-
cial for interleared memorieg[10]. E.g.: in a 16-way in-
terleved memory m = 4 and an I-poly randomisation
schemewould randomise* — 1 = 15 addresgits®. Us-
ing a reduciblepolynomial would resultin lessrandomi-
sation. Another benefitof I-poly schemess in the case

2The next 15 addressits arerandomisedn the sameway asthe first
15, becausehe shift registergoesthroughthe samel5 statesagain.

where the addressesdy, 41, ..., Ak are referencedand
P(z) mod A;(z) = G(z) foreachi = 0,..., K. In sucha
casejt wasshown thatonly 2(™=%) memorybanksareused
if m = order(P(z)) andq = order(G(z)) [10]. If P(x)
is irreducible,thenit is alwaysthe casethatg = 0. This
situationoccurswhenan addressequencevith stride S is
accessedndsS containdong sequencesf 0's betweerthe
1's[10].

As importantas irreducible polynomialsare for inter-
leaved memories,irreducible polynomialsoffer no signif-
icant benefitfor setindex functions. First, the numberof
distinctrows in the matrix representatiors purelytheoreti-
calin the caseof setindex functions,sinceonewould need
a systemwith at least2™ — 1 (virtual) addresdits in or-
der to exploit the numberof distinctrows. E.g.: an 8 kB
direct mappedcachewith 32 byte blockshasm = 8 and
2m — 1 = 255. A systemwith 64 bit (virtual) addresses
would useat most59 of thoserows. Hence reduciblepoly-
nomialswith aperiodthatis longerthanthenumberof (vir-
tual) addresdits usedby thesystemareequallyappropriate
from atheoreticaviewpoint. Thedifferencen performance
obtainedby eitherof the setindex functionsis determined
by theactualvaluesof the R;(z), morethanthefactthatall
R;(z) arepairwisedifferent.

We shaw thatthe secondbenefitis negligible whenwe
investigatethe contentsof a datacache becausehe most
importantstridefor storingdatais 1 (eventhoughthe most
importantstride for accessinghat datamay be different).
Therefore the situationdescribedabore is not relevantfor
setindex functions.

3.3 The Null Space

Every functionin thedesignspaceof XOR-basedsetin-
dex functionscan be representedy the null spaceof its
matrix. Thenull spaceN (H) of amatrix H is thesetof all
vectorsthataremappedo the zerovector:

N(H)={x € {0,1}'*" | x H = 0}.

Two addressesauseconflict missesvhenthey aremapped
to the samesetof thecachexx H = y H. Thisimpliesthat
thebitwise XOR of theseaddresses a memberof thenull
spaceof the setindex function:

xH =yH
<~ xoy)H =0
= (xdy)e N(H).

We call thememberf N (H) conflictvectos becauséhey
determinevhethertwo addressesancauseconflict misses.
Forann x m matrix H in which all columnsarelinearly
independentthe null spacehasdimensionn — m andcon-
tains2™~™ n-bit vectors.Hence for increasing: andfixed



m, the numberof possiblenull spacesandrandomisation
functions,increasesxponentially This suggestshatby in-
creasingthe numberof randomisedaddresdits, it should
be possibleto obtainbetterrandomisations.

Differentmatricescanhave the samenull spaceln such
casesthe matriceswould resultin exactly the samecache
missesfor the sameblocks, althoughthesemisseswould
occurin adifferentset.

Matricescanbemanipulatedvithout changingtheir null
space.Thenull spacaemainsunchangedindertwo opera-
tionson the columnsof the matrix H, namely(i) swapping
two columnsand(ii) addingonecolumnto another

3.4 Reducingthe DesignSpace

The designspaceof XOR-basedsetindex functionscan
be reducedwithout removing interestingfunctionsin two
steps: (i) by removing clearly uninterestingfunctionsand
(i) by allowing only onefunctionpernull space.

It is reasonablgo require that randomisingset index
functions must place 2™ consecutie blocks into distinct
setsof the caché, becauseconsecutie cacheblocks are
often simultaneouslypresentin a cachedueto spatiallo-
cality. A necessarandsufficient conditionis thatthe least
significantm addresshits are involved in the randomisa-
tion (e.g.: whenthe leastsignificantbit is not used,then
blocksa,_1 ...a;0 anda,_; ...a;1 arealwaysmappedo
the sameset). In otherwords, the matrix should have at
leastonel1-bit on eachof therows H, o throughH, ,,;—1.

Based on the obsenations above on swapping and
addingcolumns,every matrix that usesthe lowestm ad-
dressbits canbe transformednto a matrix with a diagonal
of 1'sin its lowestm rows. Hence,if we only consider
matriceswith sucha diagonal,thenwe will consideronly
one matrix per null spacein our evaluation. This allows
usto estimatethe numberof possiblyusefullmatriceswith
n rows andm columnsto 2™»=™)  This is a fraction of
2-m* of thewhole spaceof matrices.All of thesematrices
aredifferent,i.e.: for eachpair of matrices,thereexists a
memoryreferencesequencdor which differentmissrates
areobtained.

3.5 Reducingimplementation Cost

Sincemary matriceshave the samenull spaceandthus
the sameeffect on the numberof cachemissesiit is pos-
sible to choosethat matrix that resultsin the bestcircuit-
level properties suchaslateng, areaand power consump-

SNote that randomisingsetindex functionsbasedon XOR’s canonly
achiere thisfor 2 blocksthatarealignedona2™ boundary Functionsof
this type arepermutation-basefilinctions,sinceeachchunkof 2™ blocks
is independentlypermuted.

tion*. Thelatengy of a setindex function can be roughly
estimatedby the maximum fan-in per XOR-gate, or the
maximumnumberof 1-bits percolumn. This delaycanre-
ducedby applying suitable operationson the columnsof
a matrix. This optimisationis illustratedin a few steps
on the matrix correspondindo the irreducible polynomial
27 + 2% + 2% + 2* + 23 + 29, correspondingo integer505.
This polynomialwasinvestigatedor directmappedcaches
in [7]. It canbeoptimisedby (Figure?): addingcolumnOto
column3, addingcolumn? to column4 andaddingcolumn
7 to column5. We alsoshow that the maximumload on
eachdriverfeedingtheaddresditsto the XOR-gategmax.
fan-out)is simultaneouslyeduced.

4 Evaluation Procedure for XOR-Based Set
Index Functions

We have openedup the designspacefor XOR-basedset
index functionsto include 2™("~™) matrices. Sincethis
numberis huge ,we needaway to quickly determinewhich
matricesare moreinterestingthanothers. We usea semi-
analyticaltechniquefor this purpose. This techniqueuses
profiling information abouta program,togetherwith the
null spaceof a matrix to assigna scoreto the matrix. Ma-
trices that incur fewer misseswill (generally)have lower
scoresand hencethe best-performingmatricescan be de-
tected.

The scorefor a randomisatiorfunction is decomposed
into a scorefor eachvectorin its null space:

Z cost(v).

vEN(H)

score(H) =

We computecost(v) asan estimateof the numberof con-
flict missecausedy v, if thatvectorwereamemberof the
null spaceof amatrix. The estimategost(v) for eachvec-
tor v arecomputediuringaprofiling runof theprogramand
storedin a profile. Oncethe profile is known, the required
stepsconsistof (i) computingthe null spaceof the matrix,
(i) obtainingthe costof eachvectorin the null spacefrom
theprofile and(iii) addingall costsinto ascore(Figure3).

The profile consistingof the valuescost(v) is obtained
during a profiling run. The profiling algorithmfirst elimi-
natescompulsoryand capacitymisses,sincethey cannot
beremovedby the setindex functions. Eachreferencehat
missesn anideal cache(i.e.: afully associatie cacheus-
ing LRU replacementdf the samesizeastheinvestigated
cachejs consideredo beeitheracompulsoryor acapacity
missandis ignoredby the profiling algorithm.

For the other referencesthe profiling algorithm com-
putesthe circumstancesinderwhich they could be a con-

4Thesepropertiescan, of course alsobe optimisedagainsteachother
by scalingthe sizesof thetransistorsetc.



Matrix 1 Matrix 2 Matrix 3 Matrix 4
column 76543210 76543210 76543210 76543210
1.11.... 1.11.... 1.1..... 1.......
.1.11. .. .1.11. .. .1.11. .. 1.11.
.1.11. . ..1.11. . ..1.11. . 1.11.
L..1.11. ...1.11. ...1.11. 1.11.
e 11 L. 11 ... 11
11111. .1 1111 1 111. 1 11... .. 1
1....... 1....... 1..1 1.11

1...... 1...... S 1o
I 1..... B 1.

1 1 1. 1.

1.. . 1.. 1. 1.,
..... 1.. T T R
...... 1. S B
....... 1 A R ...1001 ... 1001
fan-in 33455333 33454333 33444333 33344333

max. fan-out 6 5 4 3

Figure 2. Four matrices that always generate the same conflict misses.

matrix: H — null space: N(H) — profile — computing score
v cost(v)
100 OOOOOO/”OOOOOO 2164983
110001 000001 | 3863921
111 111010 000010 | 1824929
110 001011 000011 | 4270492
010 101100 000100 1205832/ score(H)
011101
101 010110 \ I
011 100111\
\ )

Figure 3. Evaluating randomising set index functions.

flict miss. To seehow this works, we first discussan ex-
amplememoryreferencestream:d a b ¢ b a. Thecache
block with address is referencedwice. The first refer
enceto a is a compulsorymiss. We assumehe cacheis
large enoughsuchthatthe secondreferenceo a is eithera
hit or a conflict miss, dependingon the setindex function.
This referencewill be a conflict misswhenoneor moreof
thecacheblocksb andc is mappedo thesameframeasa.
Theseblockswill displacea from thecachebeforeit is ref-
erencedor thesecondime. Notethatd exertsnoinfluence
onthis. Becauseheblocksb andc candisplacea from the
cachethecostof having theconflictvectorsa®b anda® ¢
in thenull spacds incrementedy 1.

The profiling algorithmasdescribedibose canbeimple-
mentedusinganLRU stack.Whenprofiling areferencdo a
block a, thentheblocksthathave beenreferencesincethe

previousreferenceo a arefound on the LRU stackabove
blocka. For eachof theseblocksa;, we computethe con-
flict vectorv = a @ a; andincrementost(v) by one(Fig-
ure4). This algorithmis a moreaccuratevariantof theone
describedn [16]. It will generallyoverestimatéhenumber
of conflict misses.

5 Evaluation

The evaluationusesthe SPEC95henchmarksompiled
for the MIPS-like instructionsetusedby SimpleScalafi].
Eachbenchmarkunsthetraininginput setduring 500 mil-
lion instructions.We evaluaterandomisingsetindex func-
tions for an 8 kB direct mappeddatacachewith 32 byte
blocks. Thecacheallocatedblocksonloadandstoremisses
andwe assuméhe absencef hardwareprefetching.



Leta; = block addres®of referenca

Letn = lengthof vectors

Let cost(v) = accumulatedostfor vectorv,
initially O

for eachreference in programtracedo
if a; is acompulsorymissthen
pusha; onstack
elsif a; is a capacitymissthen
move a; to top of stack
/* Countconflict vectors*/
for eacha; onstackabovea; do
v = (a; @ a;) truncatedo n bits
incrementcost(v)
od
move a; to top of stack

else

fi
od

Figure 4. The profiling algorithm.

5.1 The Impact of Randomisation

Randomisingsetindex functionsbasedon polynomial
division have a strongimpacton datacachemissrates.We
computedthe missratefor all polynomialsetindex func-
tionsfor the8kB cachefor associatiities of 1,2 and4. We
shav themissrateof thebestperformingandtheworstper
forming functions,togethewith the missratesfor corven-
tionally indexed set-associate cacheswith LRU replace-
ment(Figure5). For mary benchmarksthe bestrandomis-
ing setindex functionsresultsin missratescomparabldo
thatof atwo-way or afour-way set-associate cache How-
ever, the worst randomisatiorfunctionsalmostalwaysin-
creaseshe missrateof thedirectmappedcache.Thus,not
all randomisatiorfunctionsperformequallywell.

The resultsalsoshow that randomisationmprovesper
formancewhencombinedwith associatiity, asis the case
for ijpeg. For otherprogramsg.g.go, randomisatiorhelps,
but addingassociatiity helpsmuchmore. In the caseof
fpppp, both randomisatiorand associatiity improve per
formanceto the sameextent. On the otherhand, conflict
missedn swim areremovedby randomisationbut associa-
tivity doesnot helpatall. Randomisatiorandassociatiity
aredifferentaspectsdifferentprogramsbenefitmorefrom
differenttechniquesMost of the benefitsof randomisation
is obtainedin direct mappedcaches.Hence,we limit this
studyto directmappedcaches.

Besideshigherassociatiity, largecachesnayalsomake
randomisationuninteresting. We computed miss rates
for 100 randomlyselectedpolynomial functionsfor direct
mappedcacheof 8 and16 kB with 32 bytelinesandof 32

—&—worst hash
—&—bit select ||
—A—best hash

AN
- e \S\

Miss rate

8K/32 16K/32 32K/64 64K/64

Figure 6. Randomisation versus cache size.

and64 kB with 64 byte lines (Figure6). The figure shavs
therelative reductionin missratewhenthecachesizeis in-
creasedThe mostspectaculabenefitsfrom randomisation
areseenin the smallestcaches55% of cachemissess re-
moved. Aroundonethird of the misseds removedin larger
cachesThegraphalsoshavs thatthe additionof randomi-
sationto acachecangive the samebenefitan termsof miss
rateasadoublingin cachesize.

Themotivationfor usingpolynomialsetindex functions
is that an architectcan be confidentthat the performance
of programswill be predictable[15]. Our findingsdo not
validatethis assumption.We computedthe miss ratesfor
severalpolynomialsetindex functionswhenthe numberof
randomisedhddresdits is varied(i.e.: the numberof rows
in the matricesis varied) (Figure 7). One expectsthat by
hashingmore addressits miss ratesshoulddecreaseand
notincreasepecausdhe addresspaceis randomisedo a
greaterextent.

However, we foundthatthemissratesvary stronglyin an
unpredictablevay. E.g.,for polynomial505,the missrate
dropssignificantlyfor the floating-pointbenchmarksvhen
14 bits arerandomisedput for 15 bits, the missrateis as
high asit is for 13 bits. This kind of behaiour suggests
thatthe stride-basegatternsfor which the performancef
polynomialrandomisatiorfunctionsis predictable arenot
the mostimportantpatternsvhen studyingsetindex func-
tions. Specifically theperformancef polynomialrandomi-
sationfunctionsis only predictablevhena singlebig array
with a possiblynon-unitstrideis storedin the cache[10].
Underthisassumptionfandomisingmoreinputbits always
implieslower missrates.

5.2 Investigatingthe Contentsof a Data Cache

In this section,we checkwhetherthe contentsof a data
cacheconsistof one big array with a possibly non-unit
stride,or maybeafew arrays.eachwith apossiblydifferent
stride.

The contentsof an8 kB ideal cachewith 32 byte blocks
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Figure 5. Combining randomisation and associativity .

arecharacterisedsanumberof arrays.After eachmemory
referencewe divide the contentsof the cacheinto a num-
ber of arrays. Eachblock canbe presentn only onearray
andwe assumehatarraysdo not overlap. The statisticsfor
thelength, the strideandthe numberof arraysis averaged
over all memoryreferencegTablel). Not all datais part
of anarray(columnarray),e.g.: becausehey arepartof a
non-arraydatastructureor becausenly someelementof
the arrayarein the working setof the program. On aver-
age,the methodrecognise®94% of the cachecontentsfor
SPECfpand 64% for SPECintas part of an array This
matcheshe intuition that the SPECfpprogramsare more
regularthanthe SPECintprograms.The part of the cache
contentsthat is a memberof an array is spreadover 15
(SPECfp)or 20 (SPECint)differentarrays. The arraysare
on average28 (SPECfp)or 8 (SPECint)cacheblockslong
andhave anaveragestrideof 2.5 (SPECfp)or 3 (SPECint)
cacheblocks. Furthermorethe longestarraysusuallyhave
a small stride and stride 1 is the most common: Around

81% (SPECfp)or 62% (SPECint)of thearraydatais stored
in arrayswith unit stride (columnstridel). Exceptionsare
fpppp,go andvortex. We concludethatthe datacachecon-

tentsconsistsof chunksof consecutie data,separatedy

uncacheddata, althoughhere and therean isolatedcache
block is interspersedetweenthe arrays. Hence the poly-

nomialmodelis maybenot the bestmodelfor randomising
setindex functions, sincethe underlyingassumptiorthat
one big arraywith some(non-unit) strideis cachedat ary

onetimeis clearlynotvalid.

If applicationsaccessdata frequently with non-unit
strides,why thendoesthe datacachecontainsmostly unit
stridearrays?The contentf the datacacheis not entirely
dictatedby the accessatternof a program. For instance,
whena programaccessean arraywith a strideof 4, but it
doessooncefor thearraystartingataddressA, andoncefor
A+1, A+ 2andA + 3 then,assuminghe cacheis large
enough,the whole arraywill be cachedandthe dominant
stride presentin the cacheddatais 1. This situationcould
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occurfor aloop thatis 4 timesunrolled. Anotherreasoris
thatmary stridesthatcanbeobsenedin accespatternsare
smallerthanthe cacheblock size(32 bytes).

5.3 Accuracy of Estimated Miss Rates

We have shawvn thatthemathematicamodelof thecache
contentonwhichthetheoryfor thepolynomialfunctionsis
built is notvalid. Still, we needto answerthe questionhow
good the polynomial index functions perform, relative to
otherrandomisatiorfunctions. We usethe semi-analytical
techniqueto searchthe spaceof all possiblematrices.

We validatedthe techniqueby generatingooth the miss
ratesandthe scoresfor 64 polynomialsetindex functions.
The accurag of the scorescanbe describedn two ways:
(i) the rankingaccurag determinesvhetherlower scores
correspondo lower missratesand(ii) therelative accurag
determineswvhetherthe miss rates(or numberof conflict
misses)canbe correctlyestimated.

Therankingaccuray is computedasKendall's + coefi-
cient,measuringhenumberof inversionsof rank(i.e.: aset
index function with a lower missrate hasa higherscore).
The 1 coeficient is a correlationcoeficient betweenthe
missratesandthescoresandis limited to therange(—1, 1).
Theresultsshov goodcorrelationcoeficientsin the range
of 0.85-0.99Figure8(a)). We seethatthe coeficientsvary
stronglywith the numberof randomisedddressits. This
is causedmainly by the variation presentin the missrates
(dottedlines), becausaet is harderto correctlyrank the set
index functionsif their missratesarepacledclosetogether

Themissratecanbeestimatedrom the scoreby adding
thenumberof compulsoryandcapacitymissesanddividing

by thenumberof memoryreferencesTherelative accurayg

is simply therelative error on the estimatednissrate (Fig-

ure 8(b)). The relative error is significantly larger for the

integer programshanit is for the floating-pointprograms.
The scoresareoverestimateanorewhena smallernumber
of addresdits is randomised By combiningthe resultsin

Figure 8, we concludethat thereis a large constanterror
presentin the scores,but the part of the error that differs
betweerthe setindex functionsis relatively small.

5.4 ArePolynomial Setindex Functions Better?

We randomlygeneratedLO million matriceswith n =
9,...,16 rows andm = 8 columns.Eachmatrix hasa di-
agonalof 1'sin its lower 8 rows,asdescribedn section3.4.
For eachmatrix, we computedthe scoreandkept track of
the minimum, maximumandaveragescore(Figure9). We
also computedthe samestatisticsfor all 128 (even) poly-
nomial setindex functions257,259,...,511. Theresults
shav that on average,the polynomial setindex functions
aremuchbetterthantheothersetindex functions.However,
in mary casesthereexistsrandomisingsetindex functions
that (arepredictedto) performbetterthanthe bestpolyno-
mial setindex function. In the worst case the bestpolyno-
mial setindex functionwith 16 rows for the floating-point
benchmarkshasa 21.4% higher score (estimatedconflict
missrate)anda 7.2% higherestimatednissrate (the sum
of thescoresandthe compulsoryandcapacitymisses}han
thebestfunctionfound.

To validatethis sub-optimalityof the polynomialsetin-
dex functions,we computedhe missratesfor the setindex
functionswith the 10 lowestscores.Of those,we consider
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the function with the lowestmissrate asthe bestfunction
that our techniqguescanfind. The missratesobtainedwith

thatfunctionareshavnin (Figure10). Thebestpolynomial
setindex function almostalwayshasa significantlyhigher
missratethenthe bestoneoverall. Table?2 lists therelative
amountthatthe estimatednissratefor the bestpolynomial
setindex functionis higherthanthe bestsetindex function
found. The simulationresultsshow thatthe differencecan
be ashigh as 13.8% (not 7.2% asthe estimateshaowved).
Note that the differenceis higher for all benchmarkgo-

getherthanit is for the floating-pointand integer bench-
marksseparatelyThe formernumberis basedon setindex

functionsoptimisedfor the whole setof benchmarksand
is not an averageof the resultsfor theintegerandfloating-
pointbenchmarks.

We concludethatthe polynomialsetindex functionsare
on averagebetterthan the generalclassof functions, al-
thoughthereexist functionsthataresignificantlybetterthan
thepolynomialsetindex functions.
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5.5 Irr educible Polynomials

We investigatewhetherpolynomial setindex functions
usingirreduciblepolynomialsreally works betterthan us-
ing otherpolynomials.We computedhe scoredor all 128
polynomialsthat are applicableto the 8 kB direct mapped
cache,of which 30 are irreducible. The minimum, max-
imum and averagescorefor the irreducibleandreducible
polynomialsis showvn separatelyn Figurel1l.

The averageandthe deviation of the scoredor theirre-
duciblepolynomialsdoesnotdiffer significantlyfrom those
of the reduciblepolynomials. The irreducible polynomi-
als shaw clearly betterworst-caséoehaiour andthey have
similar best-caséehaiour thanthereducibleones.Specif-
ically, when consideringall benchmarksand randomising
13 addressbhits, the bestirreducible polynomial is 3.2%
worsethan the bestreducibleone and when randomising
14 addresdit, the bestirreduciblepolynomialis 2% better
Thisleadsusto theconclusiorthatirreduciblepolynomials



Table 1. Characterisation of the contents of
an 8 kB ideal cache using strided arrays.

| SPECfp93Benchmarks |
| Program | array| no. | length| stride| stridel]
applu 99% | 13.71| 18.43| 1.47| 85.21%
apsi 96% | 27.72 5.30| 1.43| 84.91%
foppp 56% | 21.47| 4.80| 4.43| 3.60%
hydro2d | 100% | 3.28| 47.45| 1.73| 98.02%
mgrid 99% | 9.81| 23.12| 1.31| 86.22%
su2cor 100% | 1.85| 110.64| 1.05| 98.20%
swim 100% | 5.22| 27.00| 1.23| 99.51%
tomcatv | 100% | 5.82| 26.28| 1.00| 99.92%
turb3d 94% | 47.17 431| 9.83| 74.25%
waveb 97% | 11.81| 13.86| 1.16| 81.96%
[fp-avg | 94%] 14.79] 28.13| 2.46] 81.18%|
| SPECint98Benchmarks |
| Program | array| no. | length| stride| stridel]
compress| 35% | 25.05 193 | 2.43| 84.27%
gcc 71% | 19.49 9.29| 1.51| 82.33%
go 36% | 23.35 2.66| 2.74| 0.04%
ijpeg 96% | 15.00| 14.35| 1.15| 92.41%
li 69% | 25.58 6.88| 1.29| 82.61%
m88ksim | 88% | 29.16 2.03| 1.53| 65.47%
perl 66% | 3.83| 27.82| 10.00| 83.46%
vortex 49% | 18.11 523 | 3.65| 8.81%
[intarg | 64%] 19.95] 8.77| 3.04] 62.43%)|
[avg | 80% | 17.08] 19.53| 2.72| 72.84%]

Table 2. Percentage increase in miss rate of
best polynomial set index function over all set
inde x functions.

[Rows| FP [ INT [ overall |
9 2.45% | -1.57% | 2.86%
10| 1.00% | -0.62% | 3.62%
11 5.05% | 4.32% | 8.91%
12 8.43% | 1.49% | 9.75%
13 0.70% | 7.65% | 9.42%
14 7.50% | 8.45% | 13.80%
15 8.39% | 4.53% | 13.11%
16 | 10.74% | 5.70% | 12.76%
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Figure 11. The distrib ution of the scores for
irreducib le and reducib le polynomials over all
benc hmarks.

do not performsignificantly betteror worsethanreducible
polynomialson thetestedbenchmarks.

5.6 Implementation Complexity

Different matricescan have the samenull spaceand
henceresultin the sameperformance. However, circuits
implementingthe functionsmay have differentproperties.
As anexample,we usethe maximumnumberof 1-bits per
columnof the matrix asa crudeapproximatiorof the com-
plexity (lateng) of theresultingcircuit.

The maximumnumberof 1-bits percolumnvariesfrom
1 to 9 (16 addressbits are randomised). For each of
thesecomplexity numberswe randomlygenerated. mil-
lion matrices(Figure12). The polynomialsetindex func-
tions were also optimisedwith respectto our compleity
measure More comple functionsgenerallyachieve lower
scoreghanlesscomplex ones,althoughthis doesnot hold
for thepolynomialfunctionsat 7 inputsper XOR-gate.The
polynomial setindex functionsneedto be more comple
thanothersetindex functionsin orderto achiese the same
score:e.g.: polynomialfunctionswith a complexity factor
of 4 or more have a higher scorethan the bestsetindex
functionwith acompleity factorof 3.

The irreducible polynomialshave scoressimilar to the
reducibleones,but they areinherentlymore complex: for
16 randomisecddresbits, irreduciblepolynomialsalways
needup to 5 or 6 inputsper XOR-gate. This againpleads
againsthe useof irreduciblepolynomials.

6 Conclusions

Randomisatiorfunctions can significantly reducecon-
flict missesin datacaches. It was claimedthat functions
basedon division of polynomialsover GF'(2) resultin the
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leastconflict misseshowever, this claim hasnot beenvali-
dated.

We comparedhepolynomialsetindex functionsto other
XOR-basedfunctions. Becausethe designspaceof ran-
domisingsetindex functionsis very large (evenwhencon-
sideringonly XOR-basedunctions),we developeda tech-
niguethatquickly estimateshemissrateincurredby aran-
domisationfunction. This allows us to searchthrougha
large partof the designspaceof randomisatiorfunctions.

Application of this techniqueshows that polynomialset
index functionsareon averagebetterthanotherXOR-based
setindex functions. However, thereexist setindex func-
tions that clearly perform betterthan the bestpolynomial
setindex functions,with differencedn the missrateup to
13.8%.Irreduciblepolynomialsareassumedo incur fewer
conflictsthanreduciblepolynomials.However, ouranalysis
shaws no cleardifference.

Using a crude approximationof the complexity of the
circuit, we shavedthatpolynomialrandomisatioriunctions
aremorecomple thanotherfunctionswith the samemiss
rates. Irreduciblepolynomialsresultin still more complex
circuits.
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