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Abstract

Randomisingset index functions,randomisationfunc-
tions for short, can significantlyreduceconflict missesin
datacachesby placingcacheblocksin a conflict-freeman-
ner. XOR-basedfunctionsare a broad classof functions
that generally exhibit few conflict misses. Topham and
Gonźalezclaimedthat the sub-classof functionsbasedon
division of polynomialsover ����� � � containsthosefunc-
tions that achieve the bestconflict-freemapping. Further-
more, they claim that an even smaller classof functions,
namelythosebasedon irreduciblepolynomials,perform
betterstill. Thispaperinvestigatestheseclaimsin a novel
way, by evaluatingmanyrandomisationfunctionsfromthe
differentclasses.Theminimum,maximumandaveragemiss
ratesare usedto compare thedifferentclassesof randomi-
sationfunctions. To avoid computingmissratesfor all of
thesefunctions,we estimatethe missratesusing a semi-
analyticaltechnique. Theevaluationshowsthatpolynomial
randomisationfunctionsare not the bestpossiblechoice,
althoughthey performrelativelywell. Irreduciblepolyno-
mials offer no measurable benefitsover reduciblepolyno-
mials,while they maybea lot more complex to implement.

1 Intr oduction

Randomisingset index functionscan remove a signifi-
cantamountof conflict missesin datacaches[11, 15] by
spreadingthecacheblocksuniformly over all sets.Instead
of selectinga slice of bits from the block addressto index
a cache,a randomisingsetindex functioncomputesa more
complex functionof the address,e.g.: usingexclusive or’s
(XOR).Wewill usetheshortertermrandomisationfunction
whenwe meanrandomisingsetindex function.

Althoughsomework hasshown thebenefitsof randomi-
sation functions, architectsare left with the implausible
taskof selectingjust onerandomisationfunction to imple-
mentin a processor. Few papersprovide helpon this task.

In [6, 7, 14, 15], the classof functionsbasedon division
of polynomialsover �	�
� � � , originally proposedfor inter-
leavedmemoriesin vectorprocessors[10], is promotedfor
use as set index functions for data caches. The perfor-
manceof thesefunctions in the presenceof stride-based
accesspatternscan be shown to be predictable. Except
for a few functionsin [7], no comparisonsbetweenthese
functions,calledpolynomialrandomisationfunctions, and
otherXOR-basedrandomisationfunctionsaremade. Fur-
thermore,it is claimedthatpolynomialsthatareirreducible,
which meansthat they cannotbe written asthe productof
other polynomials,will lead to even lessconflict misses,
althoughno experimentalevidenceis presentedto support
this claim [6, 7, 14,15].
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Figure 1. Diff erent classes of randomisation
functions.

The spaceof randomisationfunctions, togetherwith
somesub-classesof functionsareshown in Figure1. Func-
tions outside the class of XOR-basedfunctions include
thoseusingmultiplicationanddivision of integers[13, 11].
Becausedifferent XOR-basedfunctions can induce the
samenumberof missesin all circumstances(seebelow),
theclassof “uniqueXOR-basedfunctions”retainonly one
of thosefunctions. We limit our evaluationeffort to these
functions. Specificsub-classesare the polynomialand ir-
reduciblepolynomialfunctions.This paperinvestigatesthe
following questions:(i) dopolynomialrandomisationfunc-
tions perform betterthan the generalclassof XOR-based

1



functionsand(ii) do irreduciblepolynomialrandomisation
functionsperformbetterthanfunctionsbasedon reducible
polynomials?Thesequestionswill beansweredbothin the
generalcase(for any functions)and in the particularcase
(for aspecificfunction).

Performingexhaustive evaluationof thewholespaceof
XOR-basedrandomisationfunctions would be too time-
consuming.Therefore,weusea novel techniqueto explore
thedesignspace.We randomlygeneratea hugenumberof
randomisationfunctionsandestimatethemissrateof each
functionusingasemi-analyticaltechnique[16]. Becauseof
the statisticalnatureof this, we cancover a wide rangeof
randomisationfunctionsincludingfunctionswith bothhigh
andlow missrates.Thisstatisticalexplorationgivesusmin-
imum, maximumandaveragemissratesfor eachclassof
randomisationfunctions. Thesenumbersallow us to com-
paretherelativeperformanceof thedifferentclasses.

Theremainderof this paperis organisedasfollows. We
discussrelatedwork first. In section3 wereview thediffer-
enttypesof randomisationfunctionsstudiedandshow some
of their mathematicalpropertiesthatwe usein our evalua-
tion. Thesemi-analyticaltechniqueto estimatemissratesis
reviewedin section4. Theevaluationresultsarepresented
in section5 andsection6 concludes.

2 RelatedWork

In vector processorsmany conflicts can occur when
accessinga multi-bank memory. XOR-basedinterleav-
ing functions were shown to reducethe numberof con-
flicts and reducethe accesstime of interleaved memo-
ries [5, 8, 10]. The polynomial mappingfunctions that
were identified by Rau [10] for interleaved memories,
wereadoptedby Tophamet al. to reduceconflicts in data
caches[6, 7, 14, 15]. They showedthat randomisationsig-
nificantly reducesconflicts in small caches,including di-
rectmapped,set-associative, skewed-associative andhash-
rehashcaches[7]. Furthermore,they showedthatthedelay
of the XOR-gatescan be effectively hiddenwith address
prediction[15].

Earlierwork assumedfunctionsinvolving multiplication
of integers.Schlansker et al. [11] showedthat randomised
setindex functionsreducemissratesfor cyclic sweeppat-
ternsthataresentdirectly to a32-wayset-associative level-
2 cache.In a theoreticalstudySmithconcludedthattheset
index function hasa high potential for reducingthe miss
rate[12], althoughthemultiplicationfunctiontestedin [13]
did not performsignificantlybetterthanbit selectionmap-
ping.

Betteralgorithmsanddatastructurescanalsohelpto re-
duceconflictmisses.Lametal. [9] analysedblockingalgo-
rithmsandshowedthat thesizeof blocksandthedatalay-
outhaveahigh impactonconflictmisses.Cachemissesfor

pointer-baseddatastructurescanberemovedby clustering
andcolouringof individual structures[4] andby structure
splittingandfield reordering[3]. Theseoptimisationstarget
bothconflict andcapacitymisses.In [2], thecompileruses
profiling informationto improve dataplacementandavoid
conflict misses.

Clearly, randomisationand clever software techniques
have different benefits and limitations. Randomisation
works relatively well for all programsandrequiresno in-
terventionof the programmer. On the otherhand,a non-
randomisedcachemay exhibit close-to-optimalmissrates
whenrunningcarefullydesignedalgorithmsthatarebacked
up by an aggressive compiler. But this approachrequires
thecommitmentof theprogrammerto definethedatastruc-
turescorrectlyandselectthe appropriatealgorithms. This
may put too muchresponsibilityon the programmer. Fur-
thermore,webelievethatit is possibleto combinerandomi-
sationandsoftwaretechniques.Whena compilerlaysout
codefor a conventionally indexed cache,it takes into ac-
count the numberof setsand the set index function. It is
possibleto amendthesealgorithmsto take into accounta
randomisingsetindex function.

The semi-analyticaltechniquefor estimatingthe miss
rateof randomisationfunctionswasproposedandevaluated
in [16]. Thispaperappliesthetechniqueto investigateprop-
ertiesof randomisationfunctions.

3 Modelsof SetIndex Functions

XOR-basedset index functions can be modelled by
meansof (i) a matrix representation(ii) division of poly-
nomialsor (iii) usingnull spaces.Eachof thesemodelsis
reviewedandtheir relationsarediscussed.

3.1 The Matrix Representation

The matrix representationcanbe usedto representany
randomisationfunction that canbe computedusingsolely
XOR-gatesoperatingontheaddressbits. In thisrepresenta-
tion, an Q -bit blockaddressR is representedby abit vector1S T UWV S T U�XZY Y Y S [ , with S T UWV themostsignificantbit and S [
the leastsignificantbit. A randomisingset index function
mapping Q to \ bits is representedasa binary matrix ]
with Q rowsand \ columns:

]_^
`aaaaa
b
c T UWV d efUWV c T UWV d egU�Xih h h c T UWV d [c T U�X d efUWV c T U�X d egU�Xih h h c T U�X d [

...
...

...c V d efUWV c V d efU�Xjh h h c V d [c [ d efUWV c [ d efU�Xjh h h c [ d [

k lllll
m Y

1Vectorsarewritten in boldfacetype.
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The bit n/o p q on row r andcolumn s is 1 whenaddressbitt o is aninput to theXOR-gatecomputingthe s -th setindex
bit. Consequently, thecomputationof thesetindex u canbe
expressedasthe vector-matrix multiplicationover v	w
x y z ,
thedomain { | } ~ � whereadditionis computedasXOR and
multiplication is computedaslogical and, denotedby u����� .

3.2 Polynomial Division

Polynomial set index functions are expressedas divi-
sionof polynomialsover v�w�x y z . In a polynomial �	x �/z��t � ��� � � �W�Z��� � � � t � � �Z� t � over v	w
x y z , thecoefficientst � } |����f��� take thevalues0 or 1. Addition, subtraction,
multiplication anddivision aresimilar to thoseoperations
for conventionalpolynomials,exceptthatall operationson
coefficientsareperformedover v	w
x y z .

An address� � t � �W� � � � t � t � correspondsto thepoly-
nomial �	x ��z�� t � �W� � � �W� ��� � � � t � � � � t � of order� (i.e.:
all coefficients t � with �
��� are0). Let �
x ��z be a poly-
nomialof order � , then �	x ��z canbeuniquelydecomposed
into thepolynomials��x �/z and �
x ��z as�	x �/z�����x �/z����
x ��z � �
x �/z
wheretheorderof �
x ��z is lessthan � . Thebit-vectorcor-
respondingto �
x �/z is usedas the set index for address�
whenthepolynomialsetindex functiondefinedby �
x ��z is
used.

The division of polynomialsover v�w�x y z can be com-
putedvery efficiently. In fact, every polynomialset index
function hasa correspondingmatrix � over v�w�x y z . The� th row ��� p � of this matrix correspondsto the polynomial� � x �/z���x � � ���  g�
x ��z z [10]. Theserowscanbegenerated
usingafeedbackshift registerasfollows. First, � � x ��z���~ .
Then,each� � ¡W� x �/z is computedas � � x ��z ��� � �
x ��z if the
coefficient of �/¢ �W� in � � x ��z is 1 andas � � x �/z��f� if that
coefficient is 0. Notethat this methodguaranteesthateach� � x �/z is at mostof order � .

A specialsub-classof polynomialsetindex functionsare
the functionsdefinedby irreduciblepolynomials. An ir-
reduciblepolynomial(I-poly) is a polynomialover v�w�x y z
that is not divisible by any otherpolynomialover v	w
x y z .
In termsof thematrix representation,this impliesthatrows
0 to y ¢�£�~ inclusive areall different (i.e.: the feedback
shift register generatesa sequenceof � -bit rows with a
maximum period of y ¢¤£¥~ ). This property is benefi-
cial for interleaved memories[10]. E.g.: in a 16-way in-
terleaved memory, �¦�¨§ and an I-poly randomisation
schemewould randomisey ©�£ª~��«~ ¬ addressbits2. Us-
ing a reduciblepolynomial would result in lessrandomi-
sation. Another benefitof I-poly schemesis in the case

2Thenext 15 addressbits arerandomisedin thesameway asthefirst
15,becausetheshift registergoesthroughthesame15statesagain.

where the addresses� � } � � } ­ ­ ­ } �g® are referencedand�
x ��zW���  �� � x ��z���v�x �/z for each�Z��| } ­ ­ ­ } ¯ . In sucha
case,it wasshown thatonly y ° ¢ ��± ² memorybanksareused
if �³��� r   ´ r x �
x ��z z and µ���� r   ´ r x v
x ��z z [10]. If �
x ��z
is irreducible,then it is alwaysthe casethat µ¶�¤| . This
situationoccurswhenanaddresssequencewith stride · is
accessed,and · containslongsequencesof 0’sbetweenthe
1’s [10].

As importantas irreduciblepolynomialsare for inter-
leaved memories,irreduciblepolynomialsoffer no signif-
icant benefitfor set index functions. First, the numberof
distinctrowsin thematrix representationis purelytheoreti-
cal in thecaseof setindex functions,sinceonewould need
a systemwith at least y ¢�£ª~ (virtual) addressbits in or-
der to exploit the numberof distinct rows. E.g.: an 8 kB
direct mappedcachewith 32 byte blockshas �¸�«¹ andy ¢�£�~º�_y ¬ ¬ . A systemwith 64 bit (virtual) addresses
woulduseatmost59of thoserows. Hence,reduciblepoly-
nomialswith aperiodthatis longerthanthenumberof (vir-
tual)addressbitsusedby thesystemareequallyappropriate
fromatheoreticalviewpoint. Thedifferencein performance
obtainedby eitherof thesetindex functionsis determined
by theactualvaluesof the � � x �/z , morethanthefactthatall� � x ��z arepair-wisedifferent.

We show that the secondbenefitis negligible whenwe
investigatethe contentsof a datacache,becausethe most
importantstridefor storingdatais 1 (eventhoughthemost
importantstride for accessingthat datamay be different).
Therefore,the situationdescribedabove is not relevant for
setindex functions.

3.3 The Null Space

Every functionin thedesignspaceof XOR-basedsetin-
dex functionscan be representedby the null spaceof its
matrix. Thenull space»¶x � z of amatrix � is thesetof all
vectorsthataremappedto thezerovector:»¶x � zZ�ª{ ¼º½º{ | } ~ � � ¾ ��¿ ¼ � ��À�� ­
Two addressescauseconflict misseswhenthey aremapped
to thesamesetof thecache:¼ � ��Á � . This impliesthat
thebitwiseXOR of theseaddressesis a memberof thenull
spaceof thesetindex function:¼ � �ÂÁ �Ã
Ä x ¼�Å¶ÁWz � ��ÀÃ
Ä x ¼�Å¶ÁWzf½Æ»¶x � z ­
Wecall themembersof »¶x � z conflictvectorsbecausethey
determinewhethertwo addressescancauseconflictmisses.

For an ��Ç	� matrix � in whichall columnsarelinearly
independent,thenull spacehasdimension�Æ£º� andcon-
tains y � � ¢¶� -bit vectors.Hence,for increasing� andfixed
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È , the numberof possiblenull spaces,andrandomisation
functions,increasesexponentially. Thissuggeststhatby in-
creasingthe numberof randomisedaddressbits, it should
bepossibleto obtainbetterrandomisations.

Differentmatricescanhavethesamenull space.In such
cases,the matriceswould result in exactly the samecache
missesfor the sameblocks, althoughthesemisseswould
occurin a differentset.

Matricescanbemanipulatedwithoutchangingtheirnull
space.Thenull spaceremainsunchangedundertwo opera-
tionson thecolumnsof thematrix É , namely(i) swapping
two columnsand(ii) addingonecolumnto another.

3.4 Reducingthe DesignSpace

Thedesignspaceof XOR-basedsetindex functionscan
be reducedwithout removing interestingfunctionsin two
steps:(i) by removing clearly uninterestingfunctionsand
(ii) by allowing only onefunctionpernull space.

It is reasonableto require that randomisingset index
functionsmust place Ê Ë consecutive blocks into distinct
setsof the cache3, becauseconsecutive cacheblocks are
often simultaneouslypresentin a cachedue to spatial lo-
cality. A necessaryandsufficient conditionis that theleast
significant È addressbits are involved in the randomisa-
tion (e.g.: when the leastsignificantbit is not used,then
blocks Ì Í ÎWÏWÐ Ð Ð Ì Ï Ñ and Ì Í ÎWÏ�Ð Ð Ð Ì Ï Ò arealwaysmappedto
the sameset). In other words, the matrix shouldhave at
leastone1-bit on eachof therows É�Ó Ô Õ throughÉ�Ó Ô Ë ÎWÏ .

Based on the observations above on swapping and
addingcolumns,every matrix that usesthe lowest È ad-
dressbits canbetransformedinto a matrix with a diagonal
of 1’s in its lowest È rows. Hence,if we only consider
matriceswith sucha diagonal,thenwe will consideronly
one matrix per null spacein our evaluation. This allows
usto estimatethenumberof possiblyusefullmatriceswithÖ rows and È columnsto Ê Ëf× Í Î Ë�Ø . This is a fraction ofÊ Î ËfÙ of thewholespaceof matrices.All of thesematrices
aredifferent, i.e.: for eachpair of matrices,thereexists a
memoryreferencesequencefor which differentmissrates
areobtained.

3.5 ReducingImplementation Cost

Sincemany matriceshave thesamenull space,andthus
the sameeffect on the numberof cachemisses,it is pos-
sible to choosethat matrix that resultsin the bestcircuit-
level properties,suchaslatency, areaandpower consump-

3Note that randomisingset index functionsbasedon XOR’s canonly
achieve thisfor Ú Û blocksthatarealignedona Ú Û boundary. Functionsof
this typearepermutation-basedfunctions,sinceeachchunkof Ú Û blocks
is independentlypermuted.

tion4. The latency of a set index function canbe roughly
estimatedby the maximum fan-in per XOR-gate,or the
maximumnumberof 1-bitspercolumn.This delaycanre-
ducedby applying suitableoperationson the columnsof
a matrix. This optimisationis illustrated in a few steps
on the matrix correspondingto the irreduciblepolynomialÜ/ÝWÞ�Ü�ßWÞ�Ü/àWÞ�Ü á�Þ�Ü/âWÞ�Ü Õ , correspondingto integer505.
This polynomialwasinvestigatedfor directmappedcaches
in [7]. It canbeoptimisedby (Figure2): addingcolumn0 to
column3, addingcolumn7 to column4 andaddingcolumn
7 to column5. We alsoshow that the maximumload on
eachdriverfeedingtheaddressbits to theXOR-gates(max.
fan-out)is simultaneouslyreduced.

4 Evaluation Procedure for XOR-Based Set
Index Functions

We have openedup thedesignspacefor XOR-basedset
index functionsto include Ê Ëf× Í Î Ë�Ø matrices. Sincethis
numberis huge,weneedaway to quickly determinewhich
matricesaremoreinterestingthanothers. We usea semi-
analyticaltechniquefor this purpose.This techniqueuses
profiling information abouta program,togetherwith the
null spaceof a matrix to assigna scoreto thematrix. Ma-
trices that incur fewer misseswill (generally)have lower
scoresandhencethe best-performingmatricescanbe de-
tected.

The scorefor a randomisationfunction is decomposed
into ascorefor eachvectorin its null space:ã ä å æ ç è ÉÆé�êìëí î ï × ð�Ø ä å ã ñ è ò é Ð
We computeä å ã ñ è ò é asanestimateof thenumberof con-
flict missescausedby ò , if thatvectorwereamemberof the
null spaceof a matrix. Theestimatesä å ã ñ è ò é for eachvec-
tor ò arecomputedduringaprofiling runof theprogramand
storedin a profile. Oncetheprofile is known, the required
stepsconsistof (i) computingthenull spaceof thematrix,
(ii) obtainingthecostof eachvectorin thenull spacefrom
theprofile and(iii) addingall costsinto ascore(Figure3).

The profile consistingof the valuesä å ã ñ è ò é is obtained
during a profiling run. The profiling algorithmfirst elimi-
natescompulsoryandcapacitymisses,sincethey cannot
beremovedby thesetindex functions.Eachreferencethat
missesin an idealcache(i.e.: a fully associative cacheus-
ing LRU replacement)of the samesizeasthe investigated
cache,is consideredto beeitheracompulsoryor acapacity
missandis ignoredby theprofiling algorithm.

For the other references,the profiling algorithm com-
putesthe circumstancesunderwhich they could be a con-

4Thesepropertiescan,of course,alsobeoptimisedagainsteachother
by scalingthesizesof thetransistors,etc.
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Matrix 1 Matrix 2 Matrix 3 Matrix 4
column 7 6 5 4 3 2 1 0

1 . 1 1 . . . .
. 1 . 1 1 . . .
. . 1 . 1 1 . .
. . . 1 . 1 1 .
. . . . 1 . 1 1
1 1 1 1 1 . . 1
1 . . . . . . .
. 1 . . . . . .
. . 1 . . . . .
. . . 1 . . . .
. . . . 1 . . .
. . . . . 1 . .
. . . . . . 1 .
. . . . . . . 1

fan-in 3 3 4 5 5 3 3 3
max. fan-out 6

7 6 5 4 3 2 1 0
1 . 1 1 . . . .
. 1 . 1 1 . . .
. . 1 . 1 1 . .
. . . 1 . 1 1 .
. . . . . . 1 1
1 1 1 1 . . . 1
1 . . . . . . .
. 1 . . . . . .
. . 1 . . . . .
. . . 1 . . . .
. . . . 1 . . .
. . . . . 1 . .
. . . . . . 1 .
. . . . 1 . . 1
3 3 4 5 4 3 3 3

5

7 6 5 4 3 2 1 0
1 . 1 . . . . .
. 1 . 1 1 . . .
. . 1 . 1 1 . .
. . . 1 . 1 1 .
. . . . . . 1 1
1 1 1 . . . . 1
1 . . 1 . . . .
. 1 . . . . . .
. . 1 . . . . .
. . . 1 . . . .
. . . . 1 . . .
. . . . . 1 . .
. . . . . . 1 .
. . . . 1 . . 1
3 3 4 4 4 3 3 3

4

7 6 5 4 3 2 1 0
1 . . . . . . .
. 1 . 1 1 . . .
. . 1 . 1 1 . .
. . . 1 . 1 1 .
. . . . . . 1 1
1 1 . . . . . 1
1 . 1 1 . . . .
. 1 . . . . . .
. . 1 . . . . .
. . . 1 . . . .
. . . . 1 . . .
. . . . . 1 . .
. . . . . . 1 .
. . . . 1 . . 1
3 3 3 4 4 3 3 3

3

Figure 2. Four matrices that always generate the same conflict misses.óWô õ ö ÷ ø ù ú
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Figure 3. Evaluating randomising set inde x functions.

flict miss. To seehow this works, we first discussan ex-
amplememoryreferencestream: ­¯®±°¯²³°¯® . Thecache
block with address® is referencedtwice. The first refer-
enceto ® is a compulsorymiss. We assumethe cacheis
largeenoughsuchthat thesecondreferenceto ® is eithera
hit or a conflict miss,dependingon the setindex function.
This referencewill bea conflict misswhenoneor moreof
thecacheblocks ° and ² is mappedto thesameframeas ® .
Theseblockswill displace® from thecachebeforeit is ref-
erencedfor thesecondtime. Notethat ­ exertsno influence
onthis. Becausetheblocks° and ² candisplace® from the
cache,thecostof having theconflictvectors®µ´¶° and®µ´±²
in thenull spaceis incrementedby 1.

Theprofiling algorithmasdescribedabovecanbeimple-
mentedusinganLRU stack.Whenprofiling areferenceto a
block ® , thentheblocksthathavebeenreferencedsincethe

previousreferenceto ® arefoundon the LRU stackabove
block ® . For eachof theseblocks ® · , we computethecon-
flict vector ¸º¹»®³´º® · andincrement¼ ½ ¾ ¿ À ¸ÂÁ by one(Fig-
ure4). This algorithmis a moreaccuratevariantof theone
describedin [16]. It will generallyoverestimatethenumber
of conflict misses.

5 Evaluation

The evaluationusesthe SPEC95benchmarkscompiled
for theMIPS-like instructionsetusedby SimpleScalar[1].
Eachbenchmarkrunsthetraininginput setduring500mil-
lion instructions.We evaluaterandomisingsetindex func-
tions for an 8 kB direct mappeddatacachewith 32 byte
blocks.Thecacheallocatesblockson loadandstoremisses
andwe assumetheabsenceof hardwareprefetching.
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Let Ã Ä = blockaddressof referenceÅ
Let Æ = lengthof vectors
Let Ç È É Ê Ë ÌÂÍ = accumulatedcostfor vector Ì ,

initially 0

for eachreferenceÅ in programtracedo
if Ã Ä is acompulsorymissthen

pushÃ Ä onstack
elsif Ã Ä is a capacitymissthen

move Ã Ä to top of stack
else /* Countconflict vectors*/

for each Ã Î on stackabove Ã Ä doÌ¯ÏÐË Ã ÄÒÑÓÃ Î Í truncatedto Æ bits
incrementÇ È É Ê Ë ÌUÍ

od
move Ã Ä to top of stack

fi
od

Figure 4. The profiling algorithm.

5.1 The Impact of Randomisation

Randomisingset index functionsbasedon polynomial
division have a strongimpacton datacachemissrates.We
computedthe miss ratefor all polynomialset index func-
tionsfor the8kB cachefor associativitiesof 1, 2 and4. We
show themissrateof thebestperformingandtheworstper-
forming functions,togetherwith themissratesfor conven-
tionally indexed set-associative cacheswith LRU replace-
ment(Figure5). For many benchmarks,thebestrandomis-
ing setindex functionsresultsin missratescomparableto
thatof atwo-wayor afour-wayset-associativecache.How-
ever, the worst randomisationfunctionsalmostalways in-
creasesthemissrateof thedirectmappedcache.Thus,not
all randomisationfunctionsperformequallywell.

The resultsalsoshow that randomisationimprovesper-
formancewhencombinedwith associativity, asis thecase
for ijpeg. For otherprograms,e.g.go,randomisationhelps,
but addingassociativity helpsmuchmore. In the caseof
fpppp, both randomisationand associativity improve per-
formanceto the sameextent. On the otherhand,conflict
missesin swim areremovedby randomisation,but associa-
tivity doesnot helpat all. Randomisationandassociativity
aredifferentaspects:differentprogramsbenefitmorefrom
differenttechniques.Most of thebenefitsof randomisation
is obtainedin direct mappedcaches.Hence,we limit this
studyto directmappedcaches.

Besideshigherassociativity, largecachesmayalsomake
randomisationuninteresting. We computedmiss rates
for 100 randomlyselectedpolynomial functionsfor direct
mappedcachesof 8 and16kB with 32bytelinesandof 32

Ô Õ
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Figure 6. Randomisation versus cache size.

and64 kB with 64 byte lines(Figure6). Thefigureshows
therelativereductionin missratewhenthecachesizeis in-
creased.Themostspectacularbenefitsfrom randomisation
areseenin thesmallestcaches:55%of cachemissesis re-
moved.Aroundonethird of themissesis removedin larger
caches.Thegraphalsoshows thattheadditionof randomi-
sationto acachecangivethesamebenefitsin termsof miss
rateasa doublingin cachesize.

Themotivationfor usingpolynomialsetindex functions
is that an architectcan be confidentthat the performance
of programswill be predictable[15]. Our findingsdo not
validatethis assumption.We computedthe miss ratesfor
severalpolynomialsetindex functionswhenthenumberof
randomisedaddressbits is varied(i.e.: thenumberof rows
in the matricesis varied) (Figure7). Oneexpectsthat by
hashingmoreaddressbits miss ratesshoulddecreaseand
not increase,becausethe addressspaceis randomisedto a
greaterextent.

However, wefoundthatthemissratesvarystronglyin an
unpredictableway. E.g., for polynomial505,themissrate
dropssignificantlyfor thefloating-pointbenchmarkswhen
14 bits arerandomised,but for 15 bits, the missrate is as
high as it is for 13 bits. This kind of behaviour suggests
thatthestride-basedpatterns,for which theperformanceof
polynomialrandomisationfunctionsis predictable,arenot
the mostimportantpatternswhenstudyingsetindex func-
tions.Specifically, theperformanceof polynomialrandomi-
sationfunctionsis only predictablewhena singlebig array
with a possiblynon-unitstride is storedin the cache[10].
Underthisassumption,randomisingmoreinputbitsalways
implieslowermissrates.

5.2 Investigatingthe Contentsof a Data Cache

In this section,we checkwhetherthecontentsof a data
cacheconsistof one big array with a possibly non-unit
stride,or maybeafew arrays,eachwith apossiblydifferent
stride.

Thecontentsof an
�

kB idealcachewith 32byteblocks
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Figure 5. Combining randomisation and associativity .

arecharacterisedasanumberof arrays.After eachmemory
reference,we divide the contentsof the cacheinto a num-
berof arrays.Eachblock canbepresentin only onearray
andwe assumethatarraysdonot overlap.Thestatisticsfor
the length,the strideandthenumberof arraysis averaged
over all memoryreferences(Table1). Not all datais part
of anarray(columnarray),e.g.: becausethey arepartof a
non-arraydatastructureor becauseonly someelementsof
the arrayarein the working setof the program. On aver-
age,the methodrecognises94% of the cachecontentsfor
SPECfpand 64% for SPECintas part of an array. This
matchesthe intuition that the SPECfpprogramsaremore
regular thanthe SPECintprograms.The part of the cache
contentsthat is a memberof an array, is spreadover 15
(SPECfp)or 20 (SPECint)differentarrays.Thearraysare
on average28 (SPECfp)or 8 (SPECint)cacheblockslong
andhave anaveragestrideof 2.5 (SPECfp)or 3 (SPECint)
cacheblocks. Furthermore,thelongestarraysusuallyhave
a small stride and stride 1 is the most common: Around

81%(SPECfp)or 62%(SPECint)of thearraydatais stored
in arrayswith unit stride(columnstride1). Exceptionsare
fpppp,go andvortex. We concludethatthedatacachecon-
tentsconsistsof chunksof consecutive data,separatedby
uncacheddata,althoughhereand therean isolatedcache
block is interspersedbetweenthe arrays.Hence,thepoly-
nomialmodelis maybenot thebestmodelfor randomising
set index functions,sincethe underlyingassumptionthat
onebig arraywith some(non-unit)strideis cachedat any
onetime is clearlynotvalid.

If applications accessdata frequently with non-unit
strides,why thendoesthe datacachecontainsmostlyunit
stridearrays?Thecontentsof thedatacacheis not entirely
dictatedby the accesspatternof a program. For instance,
whena programaccessesanarraywith a strideof 4, but it
doessooncefor thearraystartingataddress

'
, andoncefor')(+*

,
')(),

and
')()-

then,assumingthecacheis large
enough,the whole arraywill be cachedandthe dominant
stridepresentin the cacheddatais 1. This situationcould
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Figure 7. Miss rates for diff erent pol ynomial set inde x functions for increasing number of randomised
address bits.

occurfor a loop that is 4 timesunrolled.Anotherreasonis
thatmany stridesthatcanbeobservedin accesspatternsare
smallerthanthecacheblock size(32 bytes).

5.3 Accuracy of Estimated Miss Rates

Wehaveshown thatthemathematicalmodelof thecache
contentsonwhichthetheoryfor thepolynomialfunctionsis
built is not valid. Still, weneedto answerthequestionhow
good the polynomial index functionsperform, relative to
otherrandomisationfunctions. We usethe semi-analytical
techniqueto searchthespaceof all possiblematrices.

We validatedthe techniqueby generatingboth themiss
ratesandthescoresfor 64 polynomialsetindex functions.
The accuracy of the scorescanbe describedin two ways:
(i) the ranking accuracy determineswhetherlower scores
correspondto lowermissratesand(ii) therelativeaccuracy
determineswhetherthe miss rates(or numberof conflict
misses)canbecorrectlyestimated.

Therankingaccuracy is computedasKendall’s ö coeffi-
cient,measuringthenumberof inversionsof rank(i.e.: aset
index function with a lower missratehasa higherscore).
The ö coefficient is a correlationcoefficient betweenthe
missratesandthescoresandis limited to therange÷ øúù û ù ü .
Theresultsshow goodcorrelationcoefficientsin the range
of 0.85–0.95(Figure8(a)).Weseethatthecoefficientsvary
stronglywith thenumberof randomisedaddressbits. This
is causedmainly by the variationpresentin the missrates
(dottedlines),becauseit is harderto correctlyrank theset
index functionsif theirmissratesarepackedclosetogether.

Themissratecanbeestimatedfrom thescoreby adding
thenumberof compulsoryandcapacitymissesanddividing

by thenumberof memoryreferences.Therelativeaccuracy
is simply therelative erroron theestimatedmissrate(Fig-
ure 8(b)). The relative error is significantly larger for the
integerprogramsthanit is for thefloating-pointprograms.
Thescoresareoverestimatedmorewhena smallernumber
of addressbits is randomised.By combiningthe resultsin
Figure 8, we concludethat thereis a large constanterror
presentin the scores,but the part of the error that differs
betweenthesetindex functionsis relatively small.

5.4 Ar e Polynomial SetIndex FunctionsBetter?

We randomlygenerated10 million matriceswith ýÿþ� û � � � û ù � rows and � þ�� columns.Eachmatrix hasa di-
agonalof 1’s in its lower8 rows,asdescribedin section3.4.
For eachmatrix, we computedthe scoreandkept track of
theminimum,maximumandaveragescore(Figure9). We
alsocomputedthe samestatisticsfor all 128 (even) poly-
nomial set index functions � � � û � � � û � � � û � ù ù . The results
show that on average,the polynomial set index functions
aremuchbetterthantheothersetindex functions.However,
in many cases,thereexistsrandomisingsetindex functions
that (arepredictedto) performbetterthanthebestpolyno-
mial setindex function. In theworstcase,thebestpolyno-
mial setindex functionwith 16 rows for the floating-point
benchmarkshasa 21.4% higher score(estimatedconflict
missrate)anda 7.2%higherestimatedmissrate(the sum
of thescoresandthecompulsoryandcapacitymisses)than
thebestfunctionfound.

To validatethis sub-optimalityof thepolynomialsetin-
dex functions,we computedthemissratesfor thesetindex
functionswith the10 lowestscores.Of those,we consider
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Figure 8. Validation of Semi-Anal ytical Estimation Technique
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Figure 9. Scores for the pol ynomial and all
randomisation functions.

the function with the lowestmissrateasthe bestfunction
thatour techniquescanfind. Themissratesobtainedwith
thatfunctionareshown in (Figure10). Thebestpolynomial
setindex functionalmostalwayshasa significantlyhigher
missratethenthebestoneoverall. Table2 lists therelative
amountthattheestimatedmissratefor thebestpolynomial
setindex functionis higherthanthebestsetindex function
found. Thesimulationresultsshow that thedifferencecan
be as high as13.8%(not 7.2% as the estimatesshowed).
Note that the differenceis higher for all benchmarksto-
getherthan it is for the floating-pointand integer bench-
marksseparately. Theformernumberis basedon setindex
functionsoptimisedfor the whole set of benchmarksand
is not anaverageof theresultsfor the integerandfloating-
pointbenchmarks.

We concludethatthepolynomialsetindex functionsare
on averagebetter than the generalclassof functions, al-
thoughthereexist functionsthataresignificantlybetterthan
thepolynomialsetindex functions.
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Figure 10. Miss rates for best pol ynomial set
inde x function and best function found.

5.5 Irr educiblePolynomials

We investigatewhetherpolynomial set index functions
usingirreduciblepolynomialsreally works betterthanus-
ing otherpolynomials.We computedthescoresfor all 128
polynomialsthat areapplicableto the 8 kB direct mapped
cache,of which 30 are irreducible. The minimum, max-
imum andaveragescorefor the irreducibleand reducible
polynomialsis shown separatelyin Figure11.

Theaverageandthedeviation of thescoresfor the irre-
duciblepolynomialsdoesnotdiffer significantlyfrom those
of the reduciblepolynomials. The irreduciblepolynomi-
alsshow clearlybetterworst-casebehaviour andthey have
similarbest-casebehaviour thanthereducibleones.Specif-
ically, whenconsideringall benchmarksandrandomising
13 addressbits, the best irreducible polynomial is 3.2%
worsethan the bestreducibleone and when randomising
14addressbit, thebestirreduciblepolynomialis 2%better.
This leadsusto theconclusionthatirreduciblepolynomials
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Table 1. Characterisation of the contents of
an 8 kB ideal cache using strided arrays.

SPECfp95Benchmarks

Program array no. length stride stride1

applu 99% 13.71 18.43 1.47 85.21%
apsi 96% 27.72 5.30 1.43 84.91%
fpppp 56% 21.47 4.80 4.43 3.60%
hydro2d 100% 3.28 47.45 1.73 98.02%
mgrid 99% 9.81 23.12 1.31 86.22%
su2cor 100% 1.85 110.64 1.05 98.20%
swim 100% 5.22 27.00 1.23 99.51%
tomcatv 100% 5.82 26.28 1.00 99.92%
turb3d 94% 47.17 4.31 9.83 74.25%
wave5 97% 11.81 13.86 1.16 81.96%

fp-avg 94% 14.79 28.13 2.46 81.18%

SPECint95Benchmarks

Program array no. length stride stride1

compress 35% 25.05 1.93 2.43 84.27%
gcc 71% 19.49 9.29 1.51 82.33%
go 36% 23.35 2.66 2.74 0.04%
ijpeg 96% 15.00 14.35 1.15 92.41%
li 69% 25.58 6.88 1.29 82.61%
m88ksim 88% 29.16 2.03 1.53 65.47%
perl 66% 3.83 27.82 10.00 83.46%
vortex 49% 18.11 5.23 3.65 8.81%

int-avg 64% 19.95 8.77 3.04 62.43%

avg 80% 17.08 19.53 2.72 72.84%

Table 2. Percenta ge increase in miss rate of
best pol ynomial set inde x function over all set
inde x functions.

Rows FP INT overall

9 2.45% -1.57% 2.86%
10 1.00% -0.62% 3.62%
11 5.05% 4.32% 8.91%
12 8.43% 1.49% 9.75%
13 0.70% 7.65% 9.42%
14 7.50% 8.45% 13.80%
15 8.39% 4.53% 13.11%
16 10.74% 5.70% 12.76%
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Figure 11. The distrib ution of the scores for
irreducib le and reducib le pol ynomials over all
benc hmarks.

do not performsignificantlybetteror worsethanreducible
polynomialson thetestedbenchmarks.

5.6 Implementation Complexity

Different matricescan have the samenull spaceand
henceresult in the sameperformance.However, circuits
implementingthe functionsmay have differentproperties.
As anexample,we usethemaximumnumberof 1-bitsper
columnof thematrix asa crudeapproximationof thecom-
plexity (latency) of theresultingcircuit.

Themaximumnumberof 1-bitspercolumnvariesfrom
1 to 9 (16 addressbits are randomised). For each of
thesecomplexity numbers,we randomlygenerated1 mil-
lion matrices(Figure12). The polynomialsetindex func-
tions were also optimisedwith respectto our complexity
measure.More complex functionsgenerallyachieve lower
scoresthanlesscomplex ones,althoughthis doesnot hold
for thepolynomialfunctionsat7 inputsperXOR-gate.The
polynomial set index functionsneedto be more complex
thanothersetindex functionsin orderto achieve thesame
score:e.g.: polynomialfunctionswith a complexity factor
of 4 or more have a higher scorethan the bestset index
functionwith acomplexity factorof 3.

The irreduciblepolynomialshave scoressimilar to the
reducibleones,but they areinherentlymorecomplex: for
16randomisedaddressbits,irreduciblepolynomialsalways
needup to 5 or 6 inputsper XOR-gate.This againpleads
againsttheuseof irreduciblepolynomials.

6 Conclusions

Randomisationfunctionscan significantly reducecon-
flict missesin datacaches. It wasclaimedthat functions
basedon division of polynomialsover

RTSVU W X
resultin the
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Figure 12. Distrib ution of scores classified by
implementation cost for ³µ´·¶ ¸ .

leastconflict misseshowever, this claim hasnot beenvali-
dated.

Wecomparedthepolynomialsetindex functionsto other
XOR-basedfunctions. Becausethe designspaceof ran-
domisingsetindex functionsis very large(evenwhencon-
sideringonly XOR-basedfunctions),we developeda tech-
niquethatquickly estimatesthemissrateincurredby aran-
domisationfunction. This allows us to searchthrougha
largepartof thedesignspaceof randomisationfunctions.

Applicationof this techniqueshows thatpolynomialset
index functionsareonaveragebetterthanotherXOR-based
set index functions. However, thereexist set index func-
tions that clearly perform betterthan the bestpolynomial
setindex functions,with differencesin the missrateup to
13.8%.Irreduciblepolynomialsareassumedto incur fewer
conflictsthanreduciblepolynomials.However, ouranalysis
showsno cleardifference.

Using a crudeapproximationof the complexity of the
circuit,weshowedthatpolynomialrandomisationfunctions
aremorecomplex thanotherfunctionswith thesamemiss
rates.Irreduciblepolynomialsresultin still morecomplex
circuits.
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